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Abstract
We obtain geometric estimates for the first eigenvalue and the fundamental tone of the p-laplacian
on manifolds in terms of admissible vector fields. Also, we defined a new spectral invariant and
we show its relation with the geometry of the manifold.
1 Introduction and statement of results
The Laplace-Beltrami operator on a Riemannian manifold, its spectral theory and the relations
between its first eigenvalue and the geometrical data of the manifold, such as curvatures, diameter,
injectivity radius, volume, has been extensively studied in the recent mathematical literature. In
the last few years, another operator, called p-Laplacian, arising from problems on Non-Newtonian
Fluids, Glaceology, Nonlinear Elasticity, and in problems of Nonlinear Partial Differential Equations
came to the light of Geometry. Since then, geometers showed that this operator exhibit some very
interesting analogies with the Laplacian.
Let (M,g) be a smooth Riemannian manifold and Ω ⊂ M a domain. For 1 < p < ∞, the
p-laplacian on Ω is defined by
△p(u) = −div
[
‖∇u‖p−2(∇u)
]
. (1.1)
This operator appears naturally from the variational problem associated to the energy functional
Ep : W
1,p
0 (Ω)→ R given by Ep(u) =
∫
Ω
‖∇u‖p dΩ
where W 1,p0 (Ω) denotes the Sobolev space given by the closure of C∞(Ω)-functions with compact
support in Ω for the norm
‖u‖p1,p =
∫
Ω
|u|p dΩ+
∫
Ω
‖∇u‖p dΩ.
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Observe that, when p = 2,△2 is just the Laplace-Beltrami operator. We are interested in the nonlinear
eigenvalue problem
△pu+ λ|u|p−2u = 0 (1.2) eigenv problem
Since solutions for this problem, for arbitrary p ∈ (1,∞) are only locally C1,α(Ω) (exceptions for the
case p = 2), they must be described in the sense of distributions, that is, u ∈ W 1,p0 (Ω) \ {0} is an
eigenfunction associated to the eigenvalue λ, if∫
Ω
‖∇u‖p−2g(∇u,∇φ) dΩ = λ
∫
Ω
|u|p−2uφ dΩ
for any test function φ ∈ C∞0 (Ω). Clearly, λ = 0 is an eigenvalue of△p, with associated eigenfunctions
being the constant functions.
Question: Does there exists spectrum for△p λ = 0 is an eigenvalue, but are there others ? This should
be clear in this text.
The set σp(M) of the remaining eigenvalues of (??) is an unbounded subset of (0,∞) at least
for euclidian domains, Ω ⊂ Rn, as quoted in [8] (see also [7]) whose infimum inf σp = µ1,p(Ω) is an
eigenvalue.
Question: What about for manifolds? Is the set σp(M) unbounded? non-empty etc
It is also known (see [8]) that the first eigenvalue is simple and the first eigenfunctions for
geodesic balls on space-forms are radial.
From here on, things are not clear at all!!! Is there a Rayleigh Theorem for △p Is the funda-
mental tone of an open domain the first eigenvalue
Let Ω ⊂ M a domain with compact closure and nonempty boundary ∂Ω. The p-fundamental
tone of Ω, denoted by µ∗p(Ω) is defined as follows:
µ∗p(Ω) = inf
{∫
Ω ‖∇f‖p dΩ∫
Ω |f |p dΩ
; f ∈W 1,p0 (Ω), f 6= 0
}
when Ω has piecewise smooth boundary, then µ∗p(Ω) coincides with the first eigenvalue of the prob-
lem (1.2) with boundary condition u|∂Ω = 0, by Rayleigh’s Theorem. In particular, when M is a
closed manifold, i.e. compact without boundary, we get
µ∗p(M) = µ1,p(M) = inf
{∫
M ‖∇u‖p dM∫
M |u|p dM
;u ∈W 1,p(M), u 6= 0,
∫
M
|u|p−1u dM = 0
}
Observe that if Ω1 ⊂ Ω2 are bounded domains, then µp(Ω1) ≥ µp(Ω2) ≥ 0. Thus one may define the
p-fundamental tone µp(M) of an open Riemannian manifold (i.e., complete noncompact) as the limit
µ∗p(M) = limr→∞µ
∗
p(Br(q))
where Br(q) is the geodesic ball of radius r centered at q ∈M
When p = 2 the p-laplacian is simply the laplacian and the p-fundamental tone is simply
called the fundamental tone. Interesting estimates on the fundamental tone for the Laplace-Beltrami
operator on a Riemannian manifold have been recently obtained by G. Pacelli Bessa and the second
author (see, for instance [1] and [2]). This paper presents an attempt to extend their variational
argument to the p-laplacian. Precisely we have
2
main1 Theorem 1.1. Let Ω ⊂M be a domain (∂Ω 6= ∅) in a Riemannian manifold,M . Then
µ∗p(Ω) ≥
c(Ω)p
pp
> 0 (1.3)
where c(Ω) is the constant given in (2.9)
To present the second variational estimate we need to introduce some preliminary definitions
which will allow us to deal with divergence of vector fields in a weak sense.
Definition 1.1 (Weak divergence). Let (M,g) be a Riemannian manifold andX ∈ L1loc(X(M)) (in the sense
that ‖X‖ ∈ L1loc(M)) A function h ∈ L1loc(M) is said to be a weak divergence of X, denoted by h = DivX if
for every φ ∈ C∞0 (M) it holds ∫
M
φh dµ = −
∫
M
g(∇φ,X) dµ (1.4)
The weak divergence exists for almost every point ofM . IfX ∈ W1,1(M) and f ∈ C1(M) then
fX ∈ W1,1(M) with Div(fX) = g(∇f,X) + fDivX. In particular for f ∈ C∞0 (M)we have that∫
M
Div(fX) dµ =
∫
M
[
g(∇f,X) + fDiv(X)
]
dµ = 0 (1.5)
With these notations fixed we have
main2 Theorem 1.2. Let (M,g) be a Riemannian manifold. Then the following estimate holds
µ∗p(M) ≥ sup
{
inf
Ω
(
(1− p)‖X‖q +Div(X)
)
, X ∈ W1,1(M)
}
(1.6)
As a simple consequence of Theorem 1.1 we obtain a generalization of Mckean theorem, [?]
mckean Theorem 1.3 (Generalized Mckean). Let M be an n-dimensional, complete noncompact, simply connected
Riemannian manifold with sectional curvature K ≤ −c2 < 0, then
µ∗p(M) ≥
(n− 1)pcp
pp
In particular, when p = 2 this is the Mckean theorem.
Contrary to the Laplace operator, the p-laplacian has not been proved to be discrete, even for
euclidian domains Ω ⊂ Rn (as remarked in [6]). There are few results related to the spectrum of
such operator. For instance, Lindqvist, in [7], describes the first and the second eigenvalues for the
p-laplacian. We would like to obtain other invariants which might provide us with some additional
information relating the geometry of the manifold and its spectral structure. An interesting spectral
3
invariant onM associated to the Laplace-Beltrami operator is the essential spectrumofM , which con-
sists of points of the spectrum of△ which are either accumulation points on points on the spectrum
or which correspond to discrete eigenvalues of △ with infinite multiplicity, and the greatest lower
bound of the essential spectrum, λess1 (M). In particular, whenM is compact, the essential spectrum
is empty and it holds the following properties λ1(M) ≤ λess1 (M) and λess1 (M) = limK λ1(M − K),
whereK runs through all compact subsets ofM (see [3]). Due to the difficulties in the understanding
the spectrum of the p-Laplace operator, we shall define its essential p-first eigenvalue, as
µess1,p (M) := lim
K
µ1,p(M −K) (1.7)
Where K runs through all compact subsetsK ofM (More generally, we can define in a similar way
its essential p-kth eigenvalue). With respect to essential spectrumwe prove if θ(M) is the exponential
volume growth ofM defined by
θ(M) = lim sup
r→∞
1
r
log(Vr(x0)) (1.8)
where Vr(x0) is the volume of the geodesic ball Br(x0), then we get a Brooks-type theorem (see [3])
Theorem 1.4. If the volume ofM is infinity, then µess1,p (M) ≤ θ(M)
p
pp .
2 Geometric estimates
Following closely [1] and [2] we shall introduce geometric invariants associated to certain
spaces of vector fields that will be used to give lower bounds for the fundamental tone for p-laplacian.
In this direction we begin with
Definition 2.1. Let Ω ⊂ M be a domain with compact closure in a smooth Riemannian manifold (Mn, g).
Let X(Ω) be the set of all smooth vector fields, X, on Ω with sup norm ‖X‖∞ = supΩ ‖X‖ < ∞ (where
‖X‖ = g(X,X)1/2) and infΩ divX > 0. Define c(Ω) by
c(Ω) := sup
{
infΩ divX
‖X‖∞ ; X ∈ X(Ω)
}
(2.9) fundamental constant
As remarked in [1], X(Ω) is a nonvoid set of smooth vector fields on Ω
Proof of Theorem 1.1
LetX ∈ X(Ω) a smooth vector field and f ∈ C∞0 (Ω) any positive function, then the vector field
fpX has compact support in Ω. We compute the divergence of fpX
0 =
∫
Ω
div (fpX) dΩ =
∫
Ω
{
< ∇(fp),X > +fpdiv (X)
}
dΩ
=
∫
Ω
{
pfp−1 < ∇f,X > +fpdiv (X)
}
dΩ
≥
∫
Ω
{
− p|f |p−1‖∇f‖‖X‖ + fpdiv (X)
}
dΩ
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by the Cauchy-Schwartz inequality. That is
0 ≥
∫
Ω
{
− p|f |p−1‖∇f‖‖X‖ + fpdiv (X)
}
dΩ (2.10) ineq1
Now, the Young inequality, for any α, β > 0
αβ ≤ α
p
p
+
βq
q
, if
1
p
+
1
q
= 1 (2.11)
implies that for any ε > 0 the next inequality holds:
αβ ≤ α
p
p εp
+
εqβq
q
(2.12) epsilon-young
Apply the Young inequality (2.12) to the inequality (2.10), letting
α := p‖∇f‖ and β := |f |p−1‖X‖
to get:
0 ≥
∫
Ω
{
− (p‖∇f‖)
p
pεp
− ε
q(|f |p−1‖X‖)q
q
+ fpdiv (X)
}
dΩ
=
∫
Ω
{
− p
p−1
εp
‖∇f‖p − ε
q‖X‖q
q
|f |(p−1)q + fpdiv (X)
}
dΩ
=
∫
Ω
{
− p
p−1
εp
‖∇f‖p +
(
div (X)− ε
q‖X‖q
q
)
|f |p
}
dΩ
≥ −p
p−1
εp
∫
Ω
‖∇f‖p dΩ+
(
inf
Ω
div (X)− ε
q
q
sup
Ω
‖X‖q
)∫
Ω
|f |p dΩ
that is
pp−1
εp
∫
Ω
‖∇f‖p dΩ ≥
(
inf
Ω
div (X) − ε
q
q
sup
Ω
‖X‖q
) ∫
Ω
|f |p dΩ (2.13)
or else ∫
Ω
‖∇f‖p dΩ ≥ ε
p
pp−1
(
inf
Ω
div (X)− ε
q
q
sup
Ω
‖X‖q
) ∫
Ω
|f |p dΩ (2.14) p-estimate 1
Remark that when one has div (X) ≤ 0 on Ω, the previous inequality is trivial and does not bring any
interesting information. So we shall assume tacitly that div (X) ≥ 0 on Ω. Consider the function
ψ(ε) = εp(A−Bεq)
with A ≥ 0 and B > 0. We will look for the maximum this function assumes as a function of A and
B. This is a straightforward calculation:
• ψ′(ε) = εp−1[pA− (p+ q)Bεq]
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• thus the zeroes of ψ are given by
ε1 = 0 and ε2 =
(
pA
(p + q)B
)1/q
• ψ′′(ε) = εp−2[p(p− 1)A− (p+ q)(p + q − 1)Bεq]
• calculating ψ′′ on both ε1 and ε2 we get
ψ′′(ε1) = 0 and ψ′′(ε2) = −pqεp−22 A ≤ 0
• consequently ε2 is a maximum and the maximum value of ψ is given by
ψ(ε2) =
(
pA
(p+ q)B
)p/q qA
p+ q
=
qpp/qAp
(p+ q)pBp/q
since 1 + p/q = p
Wewill substitute conveniently these reasonings into the integral estimate (2.14) lettingA = infΩ div (X)
and B = supΩ ‖X‖q/q. Observe that:
max
ε
[
εp
(
inf
Ω
div (X)− ε
q supΩ ‖X‖q
q
)]
=
qppp/q
(p+ q)p
(infΩ div (X))
p
supΩ ‖X‖p
and consequently
1
pp−1
max
ε
[
εp
(
inf
Ω
div (X)− ε
q supΩ ‖X‖q
q
)]
=
1
pp
(
infΩ div (X)
supΩ ‖X‖
)p
(2.15) optimal estimate 1
inserting the estimate (2.15) in (2.14) we get∫
Ω
‖∇f‖p dΩ ≥ 1
pp
(
infΩ div (X)
‖X‖∞
)p ∫
Ω
|f |p dΩ
≥ 1
pp
(
sup
X∈X(Ω)
infΩ div (X)
‖X‖∞
)p ∫
Ω
|f |p dΩ
and thus ∫
Ω
‖∇f‖p dΩ ≥ c(Ω)
p
pp
∫
Ω
|f |p dΩ (2.16)
leading to the estimate for the fundamental tone
µ∗p(Ω) = inf
{∫
Ω ‖∇f‖p∫
Ω |f |p
: f ∈W 1,p+ (Ω) \ {0}
}
≥ c(Ω)
p
pp
(2.17)
This concludes the proof. 
As for a first application we prove McKean’s generalized theorem 1.3:
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Take for vector field X = ∇ρ, the gradient of distance function from a point o and observe that
‖∇ρ‖ = 1. On the other hand div (∇ρ) = △ρ. Now, since KM ≤ −c2 < 0 the laplacian comparison
theorem implies that△ρ ≥ (n− 1)c. Hence
(n− 1)pcp
pp
≤ 1
pp
(
div (∇ρ)
‖∇ρ‖
)p
≤ c(M)
p
pp
≤ µ∗p(M)
concluding the proof. 
Now we shall obtain estimates of the fundamental tone of manifolds with curvature bounded from
above:
Let o ∈ M be a fixed point of M and ρ : BR(o) ⊂ M → R, the distance function from o, i.e.,
ρ(x) = dist(o, x) which is smooth outside the cut locus of o. Set
f = ρq = ρp/(p−1) and X = ‖∇f‖p−2∇f (2.18)
we determine explicitly this vector field,X. Since ∇f = qρq−1∇ρ, and ‖∇f‖ = qρq−1 it follows that
X = (qρq−1)p−2qρq−1∇ρ = q(p−2)+1ρ(q−1)(p−2)+(q−1)∇ρ
= qp−1ρ(q−1)(p−1)∇ρ = qp−1ρ∇ρ
thus implying that ‖X‖ ≤ qp−1R that is, X is a bounded vector field on the ball BR(o). With
respect to the divergency of X it is immediate that
divX = div (qp−1ρ∇ρ) = qp−1
(
< ∇ρ,∇ρ > +ρ△ρ
)
= qp−1
(
1 + ρ△ρ
)
Now, we compare the laplacian onM with the laplacian on the spherically symmetric space
R
n
f (R
n, gf = dr
2 + f2(r)dθ2)
where gf is a complete Riemannian metric given in polar coordinates - dθ
2 represents the standard
metric on the (n−1)-dimensional unit sphere in the euclidian space and r(x) = dist(0, x). For x = rθ,
r > 0 and θ ∈ Sn−1, we remember that the hessian and laplacian of r are given by
Hessr(x) =
f ′(r)
f(r)
(gf − dr ⊗ dr) △r = (n− 1)f
′(r)
f(r)
Let Kradf (p) = −
f ′′(r)
f(r)
denote the radial sectional curvatures (that is the curvatures along geodesic
rays from the base point 0, containing the tangent direction to the ray) of Rnf at p = rθ. We remember
the comparison theorem:
Lemma 2.1 (Laplacian Comparison Theorem). LetM be a complete Riemannian manifold and x0, x1 ∈M .
Let γ : [0, ρ(x1)] → M be a minimizing geodesic joining x0 and x1, where ρ(x) is the distance function
dist(x0, x). Let K
rad
M ≥ denote the radial sectional curvatures of M along γ and assume that KradM (x) ≤
Kradf (ρ(x)) then
△ρ(x) ≥ (n− 1)f
′(ρ(x))
f(ρ(x))
(2.19)
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In particular, when k is a constant
f(r) = fk(r) =


1√
k
sin
√
kr if k > 0
r if k = 0
1√−k sinh
√−kr if k < 0
,
(2.20)
turns Rnfk into the space form of constant curvature k. In these cases f
′(r)/f(r), are given by
f ′(r)
f(r)
=


√−k coth(√−kr) if k < 0
1
r if k = 0√
k cot(
√
kr) if k > 0, and r < π/2
√
k
(2.21)
hence, setting µf (r) = f
′(r)/f(r):
div (X) ≥ qp−1
(
1 + (n− 1)ρ(x)µf (ρ(x))
)
thus
inf
BR(o)
div (X) ≥ qp−1
(
1 + (n− 1) inf
BR(o)
ρ(x)µf (ρ(x))
)
consequently we obtain the following estimate:
µ∗p(BR(o)) ≥
(
sup
X
infBR(o) div (X)
p‖X‖χ∞(BR(o))|
)p
≥
(
(1 + (n− 1) infBR(o) ρ(x)µf (ρ(x)))
pR
)p
(2.22)
Summarizing, we get the following generalization of theorem (4.1) of [1]
Theorem 2.1. Let Mn an n-dimensional complete Riemannian manifold and BM (q, r) a geodesic ball with
radius r < inj(q). Let κ(q, r) = sup{KM (x);x ∈ BM (q, r)} where KM (x) are the sectional curvatures of
M at x. We have for k > 0 that
µ∗p(BR(o)) ≥
(
sup
X
infBR(o) div (X)
p‖X‖χ∞(BR(o))|
)p
≥
(
(1 + (n− 1) infBR(o) ρ(x)µ1(ρ(x)))
pR
)p
(2.23)
We now prove Theorem 1.2 which constitute a valuable tool for estimating the fundamental tone on
open manifolds.
Proof of Theorem 1.2 LetX ∈ W1,1(M) and f ∈ C∞0 In case of closedmanifold or a bounded domain,
Ω ⊂M we get the estimate for any nonnegative test function f ∈ C∞0 and any smooth vector fieldX
such that supp(fpX) ⊂⊂M :
0 =
∫
M
div (fpX) dM =
∫
M
[
< ∇(fp),X > +fpdiv (X)
]
dM
=
∫
M
[
pfp−1 < ∇f,X > +fpdiv (X)
]
dM ≥
∫
M
[
− pfp−1‖∇f‖‖X‖ + fpdiv (X)
]
dM
≥
∫
M
[
−p
(‖∇f‖p
p
+
f (p−1)q‖X‖q
q
)
+ fpdiv (X)
]
dM
≥ −
∫
M
‖∇f‖p dM +
∫
M
(
−p
q
‖X‖q + div (X)
)
fp dM
≥ −
∫
M
‖∇f‖p dM + inf
M
(
(1− p)‖X‖q + div (X)
) ∫
M
fp dM
8
where we have used the Young inequality ab ≤ a
p
p
+
bq
q
for the pair a = ‖∇f‖ and b = fp−1‖X‖ and
the fact that the exponents p, q are conjugate, that is (p− 1)q = p. Thus we have∫
M
‖∇f‖p dM ≥ inf
M
(
(1− p)‖X‖q + div (X)
) ∫
M
fp dM
or ∫
M ‖∇f‖p dM∫
M f
p dM
≥ inf
M
(
(1− p)‖X‖q + div (X)
)
for any vector field X ∈ W1,1(M), hence we obtain∫
M ‖∇f‖p dM∫
M f
p dM
≥ sup
X∈W1,1(M)
inf
M
(
(1− p)‖X‖q + div (X)
)
(2.24) variational2
and taking the greatest lower bound over all test functions f on the left side of the equation 2.25 we
get
µ∗p(M) = inf
W 1,p
0
(M)
∫
M ‖∇f‖p dM∫
M |f |p dM
≥ sup
X∈W1,1(M)
inf
M
(
(1− p)‖X‖q + div (X)
)
(2.25) variational2
This concludes the proof of the lema. 
Now let u be the first eigenfunction associated to the eigenvalue µ1,p, that is
△pu = µ1,p(Ω)|u|p−2u
and consider the vector field
X = −‖∇u‖
p−2∇u
|u|p−2u (2.26)
we calculate its norm and divergence:
‖X‖q =
(‖∇u‖p−2
|u|p−1 ‖∇u‖
)q
=
(‖∇u‖p−1
|u|p−1
)q
=
‖∇u‖(p−1)q
|u|(p−1)q =
‖∇u‖p
|u|p
and
div (X) = −div
(‖∇u‖p−2∇u
up−1
)
= −div (‖∇u‖
p−2∇u)
up−1
− < ‖∇u‖p−2∇u,∇ 1
u(p−1)
>
=
△pu
|u|p−2u + (p− 1)u
−p‖∇u‖p−2 < ∇u,∇u >= µ1,p(Ω) + (p− 1)‖∇u‖
p
up
gathering these results
(1− p)‖X‖q + div (X) = (1− p)‖∇u‖
p
|u|p + µ1,p(Ω) + (p − 1)
‖∇u‖p
up
= µ1,p(Ω)
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We now consider estimates on the essential spectrum of△p. This section is based on paper of
Robert Brooks [3]
Pick a point x0 ∈Mn, and for each r > 0, denote Br(x0) the ball centered at p, of radius r and
Vr(x0) the volume of this ball. If one sets
θ(M) = lim sup
r→∞
1
r
log(Vr(x0)) (2.27)
it is not hard to verify, via triangle inequality, that this number does not depend on x0, and is actually
an invariant of the manifold,M called the exponential growth ofM . For example IfM = Hn(−c2) is
the hyperbolic space of constant curvature −c2, then the volume of any ball is given by
V (r) =
α(n)
cn−1
∫ r
0
sinhn−1 ct dt
implying that
θ(M) = lim sup
r→∞
1
r
log
(
α(n)
cn−1
∫ r
0
sinhn−1(ct) dt
)
= lim
r→∞
sinhn−1 cr∫ r
0 sinh
n−1(ct) dt
= (n− 1)c lim
r→∞
sinhn−2 cr cosh cr
sinhn−1(cr)
= (n− 1)c
in particular if M is an open manifold with curvature bounded above by supKM ≤ −c2 then, the
Bishop-Gromov volume comparison gives for any q ∈M and any r > 0, volM (Br(q)) ≥ volHn(−c2)(Br),
where Br is any ball of radius r in H
n(−c2). Consequently, we get
θ(M) ≥ (n− 1)c = θ(Hn(−c2))
essencialspec Theorem 2.2. If the volume ofM is infinity, then µessp ≤ θ(M)
p
pp
The proof of this theorem is, amazingly, a straightforward consequence of the lemma below
(see Theorem 2 of [3]):
lemafundamental Lemma 2.2. Let K be a compact set (possibly empty) subset of M , and µ0,p(M − K) = the greatest lower
bound of the spectrum of△p on Lp(M −K), with Dirichlet boundary condition on ∂. Let ρ(x) = dist(x0, x)
denote the distance function from a fixed point x0 ∈M . If∫
M−K
e−2pαρ(x) dx for some α satisfying 0 < α < p
√
µ0,p(M −K)
then ∫
M−K
e2pαρ(x) dx <∞
10
We proceed the proof of the lema:
Consider a test function defined by f(x) = eh(x)χ(x), where we assume χ(x) has compact
support inM −K . In the sequel we will denote for simplicity µ0 := µ0,p(M −K). Then, since∫
M−K
‖∇f‖p dx ≥ µ0
∫
M−K
|f |p dx (2.28) aa
it follows that∫
M−K
‖∇f‖p dx =
∫
M−K
eph(x)‖χ∇h+∇χ‖p dx
=
∫
M−K
eph(x)| < χ∇h+∇χ, χ∇h+∇χ > |p/2 dx
≤
∫
M−K
eph(x)|χ2‖∇h‖2 + 2χ| < ∇h,∇χ > |+ ‖∇χ‖2|p/2 dx
≤
∫
M−K
|f |p‖∇h‖p + eph(x)
[
2p/2χp/2‖∇h‖p/2‖∇χ‖p/2 + ‖∇χ‖p
]
dx
that is ∫
M−K
‖∇f‖p dx ≤
∫
M−K
|f |p‖∇h‖p dx
+
∫
M−K
eph(x)
[
2p/2χp/2‖∇h‖p/2‖∇χ‖p/2 + ‖∇χ‖p
]
dx (2.29) bb
hence, comparing (2.28) with (2.29) we get∫
M−K
|f |p
(
µ0 − ‖∇h‖p
)
dx ≤
∫
M−K
eph(x)
[
2p/2χp/2‖∇h‖p/2‖∇χ‖p/2 + ‖∇χ‖p
]
dx (2.30) cc
We now suppose that ‖∇h‖ ≤ α < µ1/po , and, for some exhaustion K1 ⊂ . . . ⊂ Kn ⊂ . . . ⊂
M −K through compact subsets ofM −K we set, for each i ∈ N and any fixed positive number d
χi,d(x) =


0, if x ∈M − (K ∪Ki)
1
d
ρ(x,M −Ki), if 0 ≤ ρ(x,M −Ki) ≤ d
1, if ρ(x,M −Ki) ≥ d
(2.31)
Then it is immediate to verify that ‖∇χi,d‖ ≤ 1
d
, and ∇χi,d is supported in the tubular neighborhood
Td(∂Ki) of radius d around ∂Ki. Observe that according i → ∞ one gets ∂Ki → ∂(M − K) = ∂K
thus Td(∂Ki)→ Td(∂K).
We now suppose that ‖∇h‖ ≤ α < µ1/po then, taking for each i the test function fi(x) =
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eh(x)χi,d(x) from (2.30) and the above restriction on ‖∇h‖ we obtain∫
M−K
|fi|p
(
µ0 − αp
)
dx ≤
∫
M−K
|fi|p
(
µ0 − ‖∇h‖p
)
dx
≤
∫
Td(∂Ki)
eph(x)
[
2p/2χ
p/2
i ‖∇h‖p/2‖∇χi‖p/2 + ‖∇χi‖p
]
dx
≤
∫
Td(∂Ki)
eph(x)
[
2p/2‖∇h‖p/2 1
dp/2
+
1
dp
]
dx
≤
[
µ1/2o
(
2
d
)p/2
+
1
dp
]∫
Td(∂Ki)
eph(x) dx
Consequently, for eph ∈ L1(M −K), letting i→∞we get
∫
M−K
|f |p
(
µ0 − αp
)
dx ≤
[
µ1/2o
(
2
d
)p/2
+
1
dp
] ∫
Td(∂K)
eph(x) dx
Under the assumption
∫
M−K e
−pαρ(x) dx < ∞ we may define a sequence of functions hj as
follows
hj(x) = min{αρ(x), j − αρ(x)}
Observe that for each j, ‖∇hj‖ ≤ α, and that this is an increasing sequence converging pointwisely
to h(x) = αρ(x). Thus, for j sufficiently large (for instance j > 2α.dist(x0, Td(∂K))), we have
∫
M−K
ephj(x)
(
µ0 − αp
)
dx ≤
[
µ1/2o
(
2
d
)p/2
+
1
dp
]∫
Td(∂K)
epαρ(x) dx
so ∫
M−K
ephj(x) dx ≤ C
where C is a finite constant, independent of j, given by
C = C(µ0, d, α, p, |Td(∂K)|) =
(
µ
1/2
o (2d)p/2 + 1
dp(µ0 − αp)
)
|Td(∂K)|epα.dist(x0,Td(∂K))
and |Td(∂K)| = volume(Td(∂K)). Taking the limit as j →∞ gives∫
M−K
epαρ(x) dx ≤ C (2.32)
This concludes the theorem. 
Now we can proceed the
Proof of Theorem 2.2
SinceM has exponential volume growth it follows that r 7→ log(V (r))
r
converges, for r →∞,
to θ. Thus if pα > θ, and δ > 0 is any positive constant such that pα > θ + δ take ǫ = pα− θ − δ, then
this implies that there existsM > 0 such that for r > M it holds V (r) < e(θ+ǫ)r = e(pα−δ)r
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∫
M−K
e−pαρ(x) dx ≤
∞∑
r=1
[V (r)− V (r − 1)]e−pα(r−1)
≤
∞∑
r=1
V (r)e−pα(r−1)[epα − 1]
<
M∑
r=1
V (r)e−pα(r−1)[epα − 1] +
∞∑
r=M
e−δr[epα(epα − 1)] <∞
Since the last expression is a sum of a geometric series.
We now conclude from lemma 2.2 that if pα > θ and α < p
√
µp,1(M −K)we have
∫
M−K e
pαρ(x) dx <
∞. But this is impossible sinceM has infinite volume.
Therefore, there is no such α, and we have shown µ1,p(M − K) ≤ θ(M)
p
pp
. Taking the limit
over arbitrarily large K , we see that µessp (M) ≤
θ(M)p
pp
. 
Now we point some consequences (see [3]).
Corollary 2.1. IfM has subexponential growth then µess1,p (M) = 0
In particular, whenMn is a manifold of polynomial growth one has µess1,p (M) = 0
Proof IfM has subexponential growth then θ(M) = 0, thus 0 ≤ µessp (M) ≤ 0. 
To state next corollary we need Cheeger isoperimetric constant, h(M):
h(M) = inf
N
area(N)
vol(intN)
(2.33)
whereN runs over all compact (n− 1)-dimensional submanifolds ofM dividingM into two compo-
nents, and intN denotes the bounded component.
Corollary 2.2. h(M) ≤ θ(M). Furthermore, equality holds if the ratio S(r)/V (r) tends to h(M) as r →∞,
where S(r) denotes the surface area of the distance sphere of radius r. In this case µ1,p(M) =
θ(M)p
pp
13
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